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Let R(s) be the radial position of the closed orbit 

assumed to lie in the plane y=O. Then, if the radial co- 

ordinate r=R(s)+x, and the local curvature of R(s) is 

k(s) = l/p(s), Laplace's equation for the potential becomes 1 

1 a -.- 
l+kx 8x i 

-(l+kx)g]+$+-1*& l+kx =o. (1) 
aY 

Assume an expansion of the form: 
A 

Q =c c m,n(s) 
m=. n=O d-d 

xm yn . (2) 

3 Substitute this potential into Eq. (l), multiply by (l+kx) , 

and adjust the general indices. to yield x" yn as a factor 

common to all terms. This yields the following recurrence 

relation: 

A m+2 I n+(3m+l)kAm+l n+m(3m-l)k2Am n+m(m-1)2k3Am-l n I I I 

+Am n+2+3mkAm,l n+2+3m(m-l)k2Am-2 n+2 I I I 

+m(m-1) (m-2)k3AmW3 n+2-mk'A'm-l n+A"m,n+mkA"m-l,n' 0 I (3) I I 

where the prime designates differentiation with respect to 

the longitudinal coordinate s. It is to be noted that all co- 

efficients for which the indices m and n are less than zero 

are zero. 



-2- TM-173 
0300 

SPECIFIC LOW ORDER TERMS 

The lowest order coefficients Am o and Am 1 are com- I I 

pletely arbitrary. These terms in fact represent the fields 

on the reference curve 2 (x=y=O) . 

A00 = J Bsds 

Al0 = Bx 

aBX 
A20 = ax 

GBx 
A30 = 3x2 

A01 = By 

!!3L A11= ax 
2 

a 
A2l = ;3*2 

- - a 
- - - (4) 

Equation (3) serves to relate all other coefficients to 

those in Eq. (4). Note that n only appears as a subscript. 

n=2 

(m=O) Ao2= - A20 - kAIO - Aio (5) 

2 
(m=l) Al2 = - A30 - kA20 + k Al0 + k'Abo - ATo + 2kAs0 

(m=2) A22 = -A4O - kA30 + 2 2k A20 3 - 2k Al0 - 6kk'Abo 

+4kAyo 2 - 6k Ai + 2k'AiO - AI;0 

(6) 

(7) 

2 (m=3) A32 = -A50 - kAsO + 3k A30 
3 - 6k A20 + 4 6k Al0 

3 +24k Ai + 36k2k'A;10 - 2 18k Ai0 - 18kk'AiO 

+ 6kA;0 + 3k'Ai0 - Aso (8) 

(m=4) A42 = -A60 -kAgo + 
2 4k A40 3 - 12k A30 + 4 '5 24k A20 - 24k Al0 

4 -120k ASo -240k3k'Ai0 + 3 96k A!0 + 144k2k'Ai0 
2 -36k A!jo - 18kk'Aio + 8kAi0 + 4k'As0 - Aao (9) 
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n=3 

(m=o) Ao3 = - A21 - k Al1 - A;l (10) 

(m=l) Al3 = - A31 - k A21 + kLAll + k'Ail - Ayl + 2kA;l (11) 

(m=2) A23 = - A4l - k A31 + 2 2k Aal - 3 2k Al1 - 6 kk'Ail 

+ 4k Ayl - 6 k2 AS1 + 2k'Ail - As1 (12) 

2 (m=3) A33 = - A51 - k A41 + 3k A31 - 3 4 6k A21 + 6k All 

+ 24k3A;l + 2 36k k'A;Il 2 - 18k Ayl - 18kk'Ail 

+ 6kAsl + 3k'Adl - A;l (13) 

(m==4) A43 = - As1 - kA51 + 2 4k Agl 3 12k A31 4 + 24k A21 5 - - 24k Al1 

- 120 k4AGl - 3 24Qk k'A;Il + 3 96k All + 144k2k'Ail 

- 36 2 k Ai1 - 18kk'Asl + 8kA;l + 4k'Ail - A& (14) 

n=4 

(m=o) Ao4 = A40 + 2kA30 - k2A20 + k3A10 + 5kk'A;)0 

- 2kA!i0 + 2 4k ASo + 2A!jo + k"Alo + A;; (15) 

n=5 
2 (m=O) A05 = Aql + 2kA31 - k A2l + 

3 
k Al1 + 5kk'A;)l 

-2kATl + 4k2A;;, + 2Azl + k"All + A;;; 

VECTOR POTENTIAL 

In hamiltonian analysis, it is necessary to have an 

expression for the vector potential. Using L operator 

analysis 3 , since i Y is the only constant vector in the 

present coordinate system, let 

(16) 
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L = iyxV. 

with this operator a,general decomposition of any vector 

such as the vector potential may be written as 

A= LU + VXLV + VW. 

The flux density becomes 

and 

B = Vx24 = VxLU - LV2V 

VxB = -LV2U - VxLV2V = 0, 

which may be satisfied rather generally with 

v2u = 0 

v2v = 0 

Then 
B = VxLU = iyV2U - V%! = - Vz = 

ay aY 
Hence 

A 
u=- f=‘@dy I 

UO 

+ F(x,s) = -C m?;ln+ll ,xm 
l .  

To obtain the function, F(x,s) notice' that 

V@ (23) 

Y n+l + F(x,s). (24) 

V2U=- Vis ('@dy'- I tfi0 
' + v2F = 0 

(18) 

(21) 

(22) 

(25) 

oh since V‘Q = 0, 

v2F = - \, y a2q, --2 dy' + %! = -e + 
"0 ay' aY 

+E!L 
y=o aY By(x,o,s) 

(26) 
Thus 

r I 
AmI (s) 

1.a (l+kx) g] + -&- ?- [& g = C m': l+kx 3x l+kx as xm 
- i 
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or 
a ax [Fl+kx) $-j + & '-& 52 = C (Aml+mkAm-l 1) m I m, x . (27) . - - - 

If one sets a particular solution 
c,(s) 

F 1 ml xm = 

Then 

(28) 

C m+2+(3m+l)kCm+l+m(3m-1)k2Cm +m(m-l)2k3C m-l 

-~Jc’C~,-~+C~ + mkCm-l = 

Aml+3mkA m-l l+3m(m-1)k2A (29) 
I m-2 I 1' m(m-1) (m';ljK3Ame3 1 I 

This recursion relation gives for the first few ter+mB 

cO = Cl = 0 (30) 

c2 = A01 (31) 

c3 = All-kAO1 (32) 

c4 = A21-kA11 
2 +3k Aol-AGl (33) 

CHOICE OF GAUGE 

Since V2V = 0, the vector potential may be written as 

A= LU + V(W - (34) 

or 

A= LU + VT, (35) 

where, since W and aV/ay are not needed separately they have 

been combined into T. 

Since T may be any arbitrary function without altering 

the magnetic flux density, a cauge is selected whenever T is 
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specified. Having found U through the L-operator scheme, the 

simplest gauge is T = 0. This gives 

au 1 Ax=-L-=-- 
l+kx as l+kx (36) 

A =0 
Y 

au A 
As=-==C (rn!;;! (n+l) !x 

m-lyn+lwZ 'rn 
(m-l)! 

xm-l (37) 

Another useful gauge is found by setting "Ax+ yA 
Y equal 

to zero. Let T be given by 

Dmn (s) = T c mtnt xm yn . . . (38) 

Then set xAx + y A 
Y = 0 and obtain 

A' 
-- l;kx c Cm:';;+l,! xm Y n+l C' 

--,?A ,$ xm 
3 

Dmn xm-l D 
+ xc (m-l)!n! Yn +Yc m?;n-l)! x 

n-l my =o 

or, after adjusting indices 

(m$n)Dmn+m(m+n-l)kDm-l n-mAm-l n-l'i, = -c mCm-l m X I I m ml b' (40) 

Thus the recursion relation becomes for n-0: 

D m. + (m-l)Dmml o = -CAvl (41) I 

or 

DOO = D10 = D20 = 0 

D30 = -C; 

D40 = -c; + 3kC; 

(42) 

(43) 

(44) 

(45) D50 = 
-cI; + 4kC; - 12kLC; 
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For n = 1, 2, 3, etc. the recursion relation becomes 

(m+n) Dm + m(m+n-l)kDmml n = mAml n-l I r 

or for n = 1 

Dol= 0 

Dll = ii 2 A' 00 
D2l = 2 3 A' 10 - $k Aho 

2 
D31 = 2 4 A' 20 - 3k 2 Aio + ~ AtiO 
D41 = 5 5 A' 30 - %A;0 + qk2AiO- qk"A;lO 

for n = 2 

Do2 = 0 

D12 = ,1 3 A' 01 

D22 = !j Ail- ikA;)l 

D32 = $ Ail- $k Ail+ gk2Ail 

D42 2 3 A' 31 2kAilC 4k 2 Ail- 4k 3 = - Ai1 

and, for n = 3 

Do3 = 0 

D13 = 

D23 = 2 5 A' 12 - 5 
D33 = 2 2 A' 22 - kAi2 + 2 k Ah2 

D43 = 2 7 A' 32 - + 24 7 k2A' 12 - %$ k3Ab2 

Then, in this gauge 

(46) 

(47) 

(48) 

(49) 

(50) 

(51) 

(52) 

(53) 

(54) 

(55) 

(56) 

(571 

(58) 

(59) 

(60) 

(61) 

Ax = 1 au + aT 
iTEas ax (62) 
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A == 

Y ay 
1 aT 

iTEas 

(63) 

(64) 
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